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CALCULUS OF PRINCIPAL RELATIONS 


[1836.] 
[Note Book 42.] 
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[The principal integral or principal function.] 
(Jan. 20%, 1836.) 


[1.] In general let 
dS — 6 (αι, Xo, m Tis da,, ἆα», sees da), 


this function Φ being homogeneous ofthe first dimension with respect to da, , da, , .. . 


8dS δάϑ | 8dS 
dS = ie To Mac T Ty Ea i R 


Then, by the first expression for dS, 
od 8dS 84S 4.948 


Mr i δα + ών δά; κ, * dz, δίας; 
and, by the second expression for dS, 
δά S δά5 8dS 8dS 
δά S — dx i3 sd, toig Bdz, δάαι 4 .. hi7 δάέα;; 
and therefore, by comparing oui equations, we find 
8dS od δά S 8d 
Mus. jan a EAM ets Md ἡ δά; d ane 
Also, by (3), 
δά S 4.948 
às- = [sas- A (sam By tot ea LO 
ódS  ,8dS òd  ,8dS 
num da, + ecc T (s 4525.) hn: 


5. stands for the partial derivative of dS with respect to dx; | 
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The first method may be used without forming the sar dd differential equation. 
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and if we establish the { equations 
δὰ8 4 δάδ /δ48 ji 
n 8da, "B δάα; 
(which are, by (5), equivalent only {ο  — 1 distinct equations, because the general relation (5) 
gives, in particular, 


8dS  ,8dS δά5 δά5δ 
ο ἂν 
the variation 5S of the integral fdS will take the simplest possible form, (as being that form 
which is most independent of the variations 5x,, δα», ..., 5%;, since it depends only on their 
extreme and not on their intermediate values,) namely the form 
8dS odS 
asa δα, t... "dz; 2 (8) 


We shall call the integral S=fdS, determined in this way, the principal integral* of the given 
element dS, or of the function ®, in equation (1) and shall denote it, for distinction, by the 
symbolic expression 


δ- = fas- [oen κο (0) 


drawing a stroke under the sign [ of integration. 
If we denote by a, , ag, ..., αι the initial values (or values at the first limit of the integral) of 
the i variables αι, £a, ..., x;, if also we put for abridgement 
Sds 8dS δά5 
δάα, Jv δάα, I? ees, δάα, ον 
and denote the initial values of γι, ..., y; by 5,, ..., b;, we may consider the principal integral, 
S — [d S, as a function of x, £o, ..., 2;, 44, ἄρ, ..., ἄρ, of which the variation is 
. 38 E δϑ oS 


(10) 


=Y δάη + p 655 diae sg (11) 
so that we have the 2; following equations: 
5S aS 
N= Sx, ones JC See? (12) 
eS aS 
hnc: eens ας a (19) 


If the form of the function S, as depending on αι, ..., Xi, à, ..., αι, were known, we could 
substitute it in the 7 equations (13) and thus transform them into 7 relations between the αὶ 
varying or final quantities αι, ..., z;, and the 27 initial data αι, ...,a;,b,,...,6;, which ? relations, 
with 21 arbitrary constants, would be forms for the { integrals of the i ordinary differential 
equations of the second order (7). And therefore the i relations between the 3i quantities 
94, «++, Tis 04, -+s αμ, Oz, ..., b;, which might be found in one way by integrating the ? ordinary 
differential equations of the second order (7), may also be deduced in another way from the one 
principal relation between the principal function S and the 2i quantities z,, ..., £i, αι, ..., a; by 


* [The definition of S is, of course, exactly analogous to that of the principal function in dynamics, to which, 
in fact, it would reduce if  — Ldt, where L is the Lagrangian of the dynamical system.] 
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taking the partial differential coefficients (of the first order) of that one principal function with 
respect to the initial variables αι, ..., αι and then equating these coefficients to --ὂι, ..., — b; 
respectively; which is my chief result respecting the properties of this principal integral S, con- 
sidered as depending on its limits, and my chief reason for calling that integral a principal func- 
tion; and for giving to that new branch of Algebra, which proposes by new methods to find and 
to use the form of this principal function, the name of the CALCULUS or PRINCIPAL RELATIONS. 


[The partial differential equation satisfied by the principal function. | 
(Jan. 21%, 1836.) 


[2.] Among the chief methods for finding the form of the Principal Function S is the follow- 
ing, by a partial differential equation of the. first order or by a pair of such equations. Since 


Yi» Va; «++» Yı are functions only of the ratios of da, ..., dv;, we can in general eliminate these 
i — 1 ratios and obtain one relation between y4, ..., y;, involving also in general 2,, ..., z; and 
depending for its form upon the form of dS or of the function Φ in (1); and we may represent 
this relation as follows: Φα IA a REN (14) 
In like manner we have by considering initial values 

O= V (b, ...,5,,0,, +++) My), | (15) 


the form of the function Y^ being the same as in (14). And if in these relations we substitute for 
Φιν εν Y and b,, ..., b; their values (12) and (13), we obtain the two partial differential equations 


às 8S 
ο-ψ (τ. — Sa,’ qais ress 2 (16) 
aS δ 
and o-¥(-5, sees ~ 8a,’ Q4; oars a). (17) 


In integrating these equations we are to determine the arbitrary functions which may present 
themselves by the following conditions. 


First, S must vanish when z, —a,, £a— 45, ..., 2; —a; all vanish—at least that form of 9 
which corresponds to moderate values of those increments, and indeed every form of S ex- 
cepting those cases of periodicity in which %1, ἄν, ..., xi, being considered as functions of some 
one indefinitely and continuously increasing variable ¢, acquire all together the same values 
αι, ..., Q; for some new value t=¢, which they had for the old or original value £—/,. For, 
generally, if z, , £, ..., x; be considered as so many functions of t while a, , ἄρ, ... a; are considered 
as the values to which those functions reduce when { is made equal to 0, and if therefore the 
principal integral S be put under the form 


ty 
s-| D (Gy ..., οι, $$; :... 2,1) ab, (18) 
t 
« . , ἄπι ,_ dx; 
in which B= GE (19) 


then the function S by its integral nature must vanish when t—1,. It is important to observe 
that the value of the integral S is not affected by the arbitrary form of x; as a function of t, if 
the forms of 2,, ..., x; η be deduced from this by the differential equations (7) and if the con- 
ditions at the limits be satisfied. 
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Secondly, at the origin of the progression, that is, when ¢ = 1, , the general values of the partial 

differential coefficients δα’᾿ $3 Es and at the same time those of — = d eia ΥΝ A must reduce to 
χι 1 i 

those functions ofa, , ...,a;and of the ratios of x, — a, ..., 2; — a; which may be otherwise deduced 

from the general ek οφ of b,, ..., b; by changing the ratios of da,, ..., da; to the ratios of x, — a, 

αι--αι, or from the general values of y,, ..., y; by changing the ratios of dæ, ..., dæ; to those 


of z, — Q, ..., x; —a,; and at the same time changing 2,, ..., Zi to αι, ..., αι. 


Thirdly—and this condition includes the two former ones—at the origin of the progression 
or first limit of the integration (t= {ῃ) the principal function or integral S must bear the (nascent) 
ratio of unity or equality to the function formed from dS by changing the differentials dz, , ..., 


dx, to the increments 2, — a4, ..., ἂι--αι and by changing αι, ..., x; themselves to αι, ..., ἂρ; 
that is, 
; LR ρον Deha i icis "15. (20) 
t=t, t=t, t t 
or, in other symbols, 
e ων)”, Gee PER TS RR (21) 


t=t, D (αι, ..., αι, 24, —0,, ..., Lg — Ay) 


[Solution of the partial differential equation by successive approximation.* | 


; ; ; αι--ᾱ αι Ἱ-αι 

[8.] We may in general consider S as a function of a, , dg, ... @;_1, @ Μη λα”. δι. A 
12ο 4—1» “i> 2,—a,' αι --αι 

αι--αι, and for small or moderate values of {--{ and of αι —a,, ..., x; —a; we may in general 


develope this function according to ascending integer powers of the small or moderate increment 
— a, (setting aside singular exceptions) in a series of the form 


S= A (z; — a,) + B (ας — a;)* + C (x; — a; + &., (22) 
which may also be thus written, more simply and symmetrically, 
S — 8,4 S,-- S, 4- &o., (23) 
S,, being a homogeneous function of the nth dimension of the 7 increments v, —a, ,..., $2; — ai, 
involving also in general αι, ..., αι. We may now conceive this expression substituted in the 
partial differential equation (16) so as to give an equation of the following form: 
ap [98, , 98, j 98, 58, 98, 88, 
ο ως .... Eu rte "Πα , 
ay (5-6), .... αρ-ίαι--αρ], (24) 
in which i is a homogeneous function of dimension n — 1 of the increments v, —«,, ..., Li —a;. 
And we may in general develope this equation (24) by Taylor's theorem as follows: 
02 V, - V, +F, +F; 4 &o., (25) 
in which Y, is homogeneous of dimension n with respect to the increments v, --ᾱι, ..., %— ἄρ; 


and then may deduce from it the following indefinite series of separate equations in partial 
differential coefficients of the first order, 


0z Y,, Qz Y, O=¥,, 0- τς, ο. (26) 
* [See Appendix, Note 9, p. 631.] 
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To develope these equations, let us write generally 
YF (b, 4- B, b, + Bg, ..., bg + Bj, αι +01, Ag+ hq, ..., Qi αι) 
=F (5,, bg, ..., Bg, αι, 05, ..., αι) + B1 V" (b1) + B, V" (b5) + ... + B;'Y" (ὁ) 
oq Y” (αι) + a T" (αν) +... αι V" (a;) + BT" (b1) + By B, E’ (by, bg) + ip (ba) ++. 
+ IBI" (by) + 381 B, E” (by, be) + 38, BEY” (b, bg) + &e. (27) 
Adopting this notation which has been already used for similar purposes by Lagrange and other 
mathematicians, this second side of equation (24) may be thus developed: 


88, | 98, 88, 88, 
¥ (e pitko.. δι μες adhe 2,24), ....αργαι-ᾱ) 
88, 8S, 88, 
-Y (5, EU yd or ess --α) 


+P" (a4) (αι — αι) + V' (a5) (x4 — a5) +... + E (αι) (x; — αι) 
, (981 (88, , 88; , (984 (884 | 583 , (981 (88, , 9; | 
ος ο ο μου... 
FFF” (αι) (z, — 04)? - V^" (αι, aa) (αι — αι) (Te — αχ) +... + FL" (αι) (zx; — a4)? | 


+P’ (5. αι) (= + &e. | CATAE k (= 2 (sat &e. | (ay — 25) 


“Ας. 
+P (Fa) [5 24 ko.) (e—a) +e. 
, (88, (58, Jean s 2 (55 «) 58, 
x κ (a) (δα +&e-) ΤΗ rot tog: ED 


gin (23) (E + &e } το; (38) 


and thus the three first partial differential equations of the series (28) may be developed as 
follows: 


d p 98, 98, 98, ) 
0=(T -)¥ (Ghee pee, Ate Go, eres a; 3 (29) 
, (984 8S, , (981, 98, 8, 8S, 
vs Le A (set) δα bay ts (et) gat tt ES δα; ! 
+Y (αι) (αι — αι) + V" (a5) (x — a5) - ... + Y" (αι) (αι--αι); (30) 
» , (981 985 E) dS, , (98, 58, 
TOUT ( me) eet" ES | fg dl (So) δά; 
88,\ (58, ,, (98, ijs 58,58, » (984) (88, 
dud s) Ger ο Ex ” δα» δαι δας TIERT εν ior 
, , (O84 1 (98 58 ,, (8 δδ' 
HV Ex ae Pe los ict (She ay) sz —a9 +. +" (St αι) ὃν δα, «7 %) 
T Δ” (αι) (24 — m Y^" (αι, αν) (αι — Ay) (x4 — ας) +... + FP” (αι) (x; — αι)”; (31) 


and the others may be similarly developed. 
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We have next to integrate these equations; at least to discover functions δι, S,, δα, &c. 
which shall satisfy them. It might seem that this integration would introduce in general an 
arbitrary function for every differential equation; and thus an infinite number of arbitrary 
functions into the general expression of the sum S,+S8,+8,+&c.=S; but the conditions 
already mentioned enable us to foresee that the form of S, required for our present purpose 
must be 

S, =O (a, dg, ..., αι, 2$, —04, 259—045, ..., Li — Ali), (32) 

which form accordingly may be easily shown to satisfy the partial differential equation (29) 
(see below); and then the remaining functions S,, S,, &c. may be determined, as we are about 
to prove, by the remaining equations (30), (31) ... without any new integrations being required 
—a result of great importance in the Calculus of Principal Relations as enabling us to develope 
the Principal Function without ambiguity for the case of moderate increments of the variables 
Wy 7 i, Be. 

To show first of all that the form (32) for S, satisfies equation (29), we may observe that this 


form gives by partial differentiation for + +s x the same functions of a,, ..., αι and of the 
"T3 


ratios of zx, —a,, ..., 2; —a,, which might be other wise deduced from the expressions for b, , ..., b; 
by changing the ratios of da,, ..., da; to the ratios of x,—a,, ..., 2;—4;; since then we had, 
independently of the ratios of da, , ..., da;, the relation (15) between b, , ..., bi, Q1, ..., αι we must 


also have, independently of the ratios of z, —a,, ..., 2; —a;, the relation (29) between 
àx, 7 δα, ᾽ 19 tee) 04. 


(Again, the equation (5) shows that the variations 82, , ..., 0:;, δψι, ..., dy; are connected by 


the relation 
ds. δάδ 


| Qe i dx, dy, + cali Saka dx, dy; (33) 
which may by (7) be put in the form 
0 = dy, dx, — da, 9y, 4- ... + dy, òx; —dx,dy;; (34) 
since then, by (14), we have 
Q — T" (αι) 8x, +E” (y) dy,  ... Ἡ (ας) 8x; +F” (y;) 8y;, (35) 
and since these two last expressions must both be satisfied independently of any other relation 
between 82, , ..., δα; and δγι, ..., dy;, we see that we must have, separately, 
Ey) = — Lay, Y (Ya)= —Lm, es Ἐ (Yi) = — Lai, (36) 


αι, etc. having the meanings (19) and L being some common multiplier; and in like manner, L 
being still the same common multiplier, we have 


απ Ly, W'(n)- Lys .... Y'()- Ly (37) 
in which 
, "c. , -Wi 
We might proceed in this way to determine the ratios of Y” E dp RR. ο. (=) and to show 
1 i 
HMPII 43 
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that they are the same as the ratios of z,—4,, ..., %;—a,;, but the following method is more 
simple.) 
Since S, is a homogeneous function of the first dimension of x,—4a,, ..., x;—a;, it must 


which gives, by being varied with home $0 2,, i. KT y 


02 (2,—2,)8 = + (Za — la) ὃς- oe Spire T (2;— 2) ὃς ae (40) 
the quantities αι, ..., a; being Mes as constants. ‘But on this last να the equation 
(29) gives 

òS) ς 98, 88,\ «δι 88,\ «δι 
= d d E ne (ME T. d cea 4 
ο-Ψ (5) 5i. m (52) 85 e) Y (52) 9s (41) 
and since these two linear relations (40) and (41) between the variations 8 ss jin, Ὁ I must in 
1 i 


general hold together and be equivalent only to one relation, the coefficients in the one must be 
proportional to those in the other; so that, in general, 


w (St) Ae mays (2) oA) P(E Aea) (9 
A being some common multiplier of which the form can be found when those of S, and Y are 
known. 


Whatever this form of À may be, we see now that 
y” (= IPS 9S, nyy” (= νι "m (= | 8S, 


82, / 82, δά» it δα; / dx; 


8S, 88, 8S, 
=A a il (£a— aa) "d wos (x;—a) Ἐν =AnS,, (43) 


on account of the homogeneous form of S,,. Hence the equations (30), (31) and the other similar 
equations for S,, ὃς, &c. will determine (in general) the several functions S,, δα, S4, ὃς, &c. 
without any integration being required after the form of S, has been found by the equation (32): 
which is one of the most useful theorems in this Calculus. 


In particular, equation (30) gives . 
1 , / 
S=- 9λ {F (a4) (z, — ay) +F" (a5) (x4 — a3) +... + P” (αι) (x; — αι)). (44) 


To transform this expression for the first correction S, of the first approximate value S, of S, ` 
we may observe that the equation (39) gives, when varied with respect to all the quantities 
αι, &c. and αι, &oc., 


A δι 88, (dS, , δδι 88, δά, i 
07 (5 --αι) δρ, + + (ta) g (at sat) 2 (i. δα) δα (45) 
while the equation ( iol gives in like manner 
, (981) . 98, , (98,1) . δι ’ 
0=¥ (ος) 50h m. (5. De 14 (a) a+... +Y” (a,)8a,; (46) 
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and since these two last equations must coincide, we have in general along with the relations 
(42) the following other relations: 


τω Ae $a). Y (a= ο ο 


And thus the expression (44) transforms itself into the following: 


S5—3(z,— a) (53:2) {ἀντ αὐ (ied) to te αὐ (sat +5). (48) 


If then we neglect only terms which are of the third dimension with respect to the small 
increments x,—4@,, ..., %;—4@,, the principal function S may be thus expressed: 
s= [ο (Xy, ας, -.., ἄς, ἆξι, Ody, ο. ABr) 


=8,+3(%- αὐ (5+ 5a) + «-ἐίαι-- a) (Sosa 


in which, by (32), 


(49) 


S,=9 (αι, 4ο, ..., Ay, 44—04, Lae— Ag, ..., αι--αι). 


And it is remarkable that in the same order of approximation this expression (49) for the 
principal function S may be transformed as follows: 
ὍΝ "ry V; 04 
2 ants : 


8-o (25% εαν 


$1—04; Ta — lg, ΠΠ v-a): (50) 


[An alternative method of approximation. | 


[4.] Before proceeding further in this integration of the partial differential equation (16), 
let us observe that if we consider z as an independent and continuously flowing variable on 
which all the rest depend, and which is = 0 at the beginning and =~ at the end of the progres- 
sion, we may in general denote the principal function or integral S as follows: 


f dz, dz, E) 
8- ['o (s. Zas sees PM dz’ dz" $e dz dz, (51) 
24, Ža, ..., 2; being functions of z which may be thus denoted 
% =f; (2), 23 fa (2), <, 2; — fi (5), (52) 
and which satisfy the { initial conditions - 
fi (a) =, f (0) =a, ..., fi (0) =, (53) 
and the 7 final conditions 
Πα) 92, fa(2) 925, ..., fi(x) ται. (54) 


And if, as a first approximation, we make the supposition of uniformly flowing values, or linear 
forms, of the functions 2,, Za, ..., 2; 80 as to suppose 


Ta — Ag 


z=, (2a), s ay (2—0) igo cmm: (55) 
and 
dz, ο. 271—944 ds = 
de h0- ee (322/10) = «s Hefte) (56) 
43-2 
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and therefore by (51) 


z ETE MT PEN WT HS 
s- | D (atza a, TOR “42-00 phe. Wii. s at) dz; (57) 
E e 


2—a’ α--ᾱ} x—a 


we find, by developing the coefficient under the integral sign as far as the first power inclusive 
of 2—a, 


ο E Werne ias des Sen EE m 
dz α--α ---α” x—a x—a 
x,—a x,—@, : : 
-o (a. AN AN. ^ Lies Mie Lo (αι) (αι-- αι) +... +D (αι) (rz; —a;)), (58) 
αι--αι %—a αι--α 
Φφ’ "TL s ing here f. i 2d v ρω quel Mufa μα, fos 
(αι), (αι) being ere ormed by varying ® (αμ, a, ; Qi, x—da , r—a , , ae) 
jg τ; , etc. were constants; and therefore, by integration, 
ers Mee Ks t, — a; 
S (x a) (a, bias eee ο) 
+4 (x — a) (9 (αι) (x, — a4) +... +D (αι) (2-44). (59) 
that is, S — 0 (a,, a5, ..., αι, $4 — 04, 45— 05, ..., Li — A) 
z,—a,[ ὃ ô 
= 5 ; (s+ ^ 3) Φίαι, ας, ..., αι, 24 — 04, $3—05, ..., $;— P 
+ &e. 
x,—a,( ὃ E 
+ E ‘(5 +5) Oa, Ωρ». ... 5 Οι, Tı — li, Ta — Ag, .... ti — 04); (60) 
which agrees with the tasenn (49) and is therefore accurate as far as the second dimension 
inclusive, although ma a i are not accurate as far as the first dimension inclusive with 


respect to the small quantities x, —4,, ta— az, ..., €; —a;. The theory of this fact will soon be 
fully explained.* 

[The first method may be used without forming the partial differential equation. | 
(Jan. 2214, 1836.) 


[5.] Proceeding now to equation (31) and seeking to vransform the expression which it 
gives for S, into one more commodious and especially into one more closely connected with the 
form of the original function ® in the expression for the element dS in (1), we may prio in 


general that the equation (29) has been so prepared, by resolving it with respect to — δα; 1, as to 
be of the form 
Ξ- δαὶ fune (27 Sz,’ — δα, ιν 04; Ag, ..., Qi ι, αι]; (61) 


* [This alternative method of finding an approximate expression for S is very similar to that adopted by various 
writers on Rayleigh’s Principle (Rayleigh, Phil. Trans. (1870), A, oLx1, p. 77; Ritz, Crelle (1908), oxxxv, p. 1). 
Approximate values which satisfy the end conditions (53) and (54) are substituted for 2,, ..., z, in the integral (57) 
and an approximate value thus found for the principal value, which can then be used to solve the original set of 
differential equations (7).] 
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and then we shall have 
Π 95, ΘΗΝ, M 
Ψ (22)- 1; (62) 
y” 98, =0, Y^' 98, ὃς ο λος =) 
ba, 3 bx,’ δα; δά» ᾽ δα, " 
(63) 


,, (98, o ,, (98, f 
T (z^ αι) --θ, T - ὁ ες, 2E 0; 


and Y" (=) MART (=. a). - ., V" (a4), ... will be the partial differential coefficients of the 


δι δαὶ ’ 
second order of Sa, 1 considered as a function of δα ᾽ ἃο. If then we put for abbreviation 
vi 
88, 88, 88, 
ὅν, "imu Be TO (64) 


we shall have besides (62) and (63) the expressions 
rer (E)E e r 


δα δυι δαν ον δὲ.) O0. (65) 
n E ma τας " v (5) = δυν 
δαι) 8a, \Sa,) 8a, 77 ^ δαὶ) δα 


ὃν ο, &c. denoting here the partial differential coefficients of the function v;, taken with 


respect to v,, αι, &c.: we have, too, 


2 jas 1 (981 s) (8h, y ats.) n 
vioh a (e 5ο) Tmn e Y (et) aa 


da, da 
,, (98, NN .7 «πο, E òw; 
" (i: i α) àv, 8a, ΜῈ ές», νὴ - 6v, 1δαι᾽ on 


t 82v ^ òw 
Y" (2) = 3, V^ (αι, a= E x ss Y (A) m y 


and it remains to calculate these differential coefficients of the function v; from those of the 
function 6, or δι, in the expression (1), or (32). 


It may somewhat simplify the proceeding if we put for abridgement 


Tı — A = UÙ, X3 — Ag = Ug, eee, Ti — Ai = αμ, (67) 
and therefore by (32) 
διΞ Φ(αι, Gg, ..., ἄς, Uy, Ug, ..., t). (68) 
This function is homogeneous of the first dimension (as we have seen) with respect to πη, Ug, ... 
αρ we have therefore the relation : 


. S, — 14V, + 4575 + ... - WV,, (69) 
because by (64) we have 
TW M UN 
ae (w), — a Ne (u;). (70) 
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Eliminating the ratios of v, , ua, ..., ù; between these last expressions, we might deduce as before 
a relation of the form 


O= V (D (u,), © (ug), ..., 0' (uj), αι, ας, ..., A) 2 Y (οι, Vg, ..., Ug, αι, 49, ..., ας); (71) 


and might then deduce from this the sought partial differential coefficien = : = κ... Without 
1 2 


actually performing this elimination (which we cannot perform while we leave the form of Φ 
undetermined) we may still deduce these differential coefficients as follows: 


The complete variation of S, is, by (68) and (70), 
8/8, — v, 014 + Va διέ» -- ... +V dUi + Φ΄ (αι) 9a, +D (a5) δά» 4- ... + D (αι) δαι; (72) 
and comparing this with the variation of the expression (69) we find 


0 = 444 8v, + uU, -- ... + UOV; — Φ’ (αι) 8a, — D’ (aq) δά» — ... — D’ (αι) δαι, (73) 
which gives 
0v; — «" Ov; Ug OU; — Uia 
50, ay? Bog ww tB ast "T" 
and 
àv, Φ'(αι) Svi D(a) ^ Bw Φ'(α) | Un 
δα ^ US ος IN So Rua 


In this manner then the partial differential coefficients of v; of the first order are determined. 


Proceeding to the second order, how is = to be calculated? By supposing 9a, — 0, ..., 
1 
δύ; 


δα;--0, dv,=0, ..., 9v; ,—0, then taking the variation of Sa -5 and dividing it by ôv. 
1 i 
We are therefore to put, by (70), 
0 — Q^ (uy, Wa) du, +D” (Ug) Ua +O’ (Ug, Uz) ÒU 4- ... +D’ (Uy, Uz) δις, 
0 — $^ (uy, Ug) 8u, -- D^" (Ug, Ug) δι. +D” (us) δι. +... -F D^" (Ug, W) δις, 
0 = Φ’’ (uy , Uii) du, + Φφ’, v (Uy " A 1) δι, + eee + p^’ (Uii , U;) δα ῃ 
establishing thus {-- 2 relations between δι, δι», ..., Òu; or rather between their i — 1 ratios, 
which leave one of these ratios undetermined. We have also 
9v, = p” (4) õu, + Q^' (u, Wa) δι Γι FO" (u, wu) bu; 
and 
8v,— 0^ (u,, uj) Bu, +D (uy, αἱ) Bus ^... +D” (uj) Bu; 


and hence, by elimination, we can in general express ôu — = du, as a linear function of 8v; , δύ», 
i 


also ô as. 873 and therefore finally calculate ai s 
àv, U; δυΐ 
In general the { equations | 
8v, — δΦ’ (u,), 8v,— 80 (u,),...,8v,—80'(u), Ἢ (76) 


or any {-- 1 of them, enable us by elimination to express si, " pei and consequently 
i 


i 
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du, — Xu, , ..., δι; — Àu; (where A is any arbitrary multiplier) as linear functions of 8v, , ..., 9v;, 
6a, , ...,9a,; and then the values thus found for àu, , ..., δι; are to be substituted in the following 
expression, which is deduced from (73) and which may be shown (by (73) and by the homo- 
geneous forms of ®’ (αι), ..., Φ' (a;)) not to contain the arbitrary multiplier A: 


Bum — (us Bv, + Buy Boy. BuqBo, - D (0) 84, — .. — 30" (αι) δα) (77) 


It only remains therefore to simplify and perform the elimination between the equations (76), 
which may be thus expanded: 
8v, =D" (uy) δα; -- D^" (uy, Ua) Bus +... +O (Uy, U) du, +D (u; , αι) δαι 
+.. HO (u,, αδα,, 
8v, — $^" (Uy, Ue) δει +O" (Ug) Stg +... - ^" (Ug, ερ) δι + D^" (Ug, αι) da, 
+.. O^' (Ug, αὐδα,, (78) 


8v, — Q^ (Uy, Ug) Sug -- ^" (Ug, Uz) Bus +... HD” (αρ) du; +D’ (u;, αι) da, 
+... +O (uy, αι)δαι. 


For this purpose we may employ the relations which result from the homogeneous form of Φ, 
namely, 


D = U,V! (14) + wu, ' (Wg) +... HUD’ (αρ); (79) 
Φ΄ (ay) = UD" (Ay, Uy) + Ug ^" (αι, Ug) +... HUD” (αι, ἀρ, m 
© (a) =t ^" (a, Uy) ο ^" (a; , Ug) +... HUD” (αι, s 
E 0 — UO" (24) 4-5 ^" (wy, Ug) 1... HUD (uz, Wi), n 
Qa "^ (e, M) ^ s os 40" ή | 


Besides, if we take as the arbitrary multiplier À in the expressions 5u,—Auw,, &c. the following 
(see (72)): 


A= g (68, - 0' (αι) 8a, — ... — 9" (αι) δα) = g (0,8 + +++ +0,8uj), (82) 


we shall have, by (69), the relation 
0 — v, (6u, — Xu) + v, (8u, — Atta) +... + v; (Su; — Àu;). (83) 


We are therefore to determine by elimination, if we can, the i expressions δι — Au, , ..., 9u; — Xu; 
as linear functions of 8v, , 9v,, ..., δυ,, δαι, Say, ..., δαι by means of this last relation and any 
i — 1, or all, of the i equations following: 


8v, = O” (u,) (Su, — Xu;) +... +O’ (uy, Ug) (9u; — Xu) +O (αι, w) δα. 
+... +O (αι, u,)8a;, 


αν (84) 
8v, =" (αν, αι) (0u, — Xu,) +... + D" (αρ) (Su; — Xu;) 4- ^, (αι, 1) δαι 
+... 9^" (αι, 1,) 8a, . 
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If we put for abridgement 
Su, —Au, —9'u,, ..., 9u; — à, δα, (85) 


8v, — ^' (αι, u,)8a, — ... — ^' (αι, up 


and 


dieters soph (86) 
8v, — ^ (αι, αι) 8a, — ... — ^" (αι, u;) da= S'O, 
The i + 1 relations (83) and (84), equivalent only to i distinct ones, will take these simpler forms: 
0 — v, ^u, + v9 Ug + ... -- v9 Ui, (87) 
and 


(88) 


"rt! eee 


δ΄υι =D" (u,) δι +O’ (αι, Uy) 'u, +... HO (αν, oa 


8'v, — 0" (u, , u;) 8'u, +O’ (ug, αι) δρ +... +" (u;) δα, 
in which the coefficients are connected by the conditions of homogeneity (81). 


[The case of two variables.] 


[6.] Consider first the case of only two variables αι, x, (i= 2) with two corresponding vari- 
ables u,, ua, &c. We have now to deduce 8’w,, 8^u,, from the three relations following, or from 
any two of them: 


and | 
δ΄υι =P” (u,) 9u, + $^ (Uy, Ug) 9'us ] (90) 
8’vg= Dr’ (Uy, Ug) 8'u, +D” (Ug) δ'είρ: 
and the coefficients are connected by the 2 relations 
O= a," (uy) + UD’ (uy, Ug), O=U D> (u,, Uy) + us" (ερ); (91) 
we have also 
Uz Όι 3 uS v4 — D = δι. (92) 


By (90), we have 

w58'v, — U, Ò Va = (u,b" (uy) — u, O^" (αι, ος) 8'u, + (uy b^" (wy, us) — UD” (ug) EUa; (98). 
therefore, by (89), we have the following expressions for 9'w, , 9'u,: 
Va (u59'v, — Uy 8'vy) 


εδ Va (us(b^ (αχ) — UD’ (αι, "ρ)}--υι (u^ (αι, Uy) — UD” (19) | (94) 
Μάι νά, | (Ug v, o 14 9'v3) 
2 ovg {UgD” (uy) — UD’ (Uy, u5)) — v, {UD (αι, Wy) — UD” (ο) 
In the common denominator, we have by (91) 
D” (Uy) — DY" (a, uy) D" (ua) ©" (04) +D" (uy). (95) 
u3 Uy Uy ui uitu oo 
and therefore 
UgD" (Uy) — Uy D"’ (Uy, Uy) = us {Φ' (uy) +O" Ai (96) 
— ug D^ (Uy, Ug) + UD" (Uy) =U, (^ (u1) +O” (ug)}, 


so that the common denominator is (u,v, + u, v) {®” (u) +” (u;)), and the expressions (94) 

become (attending to (92)) 

zn Vo Ug Ò 0, *w- Uy 9 Us δ’ - vi 14ο 9", T Uy 9v, 
2 


=O" (uy) +O" (uy)? 7 0 ^ (a) +O" (us) 


(97) 
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Hence 
ER. ow Je itc 0190, + v38'v, 
Q^ (uy) + Φ” (ug) DO" (uy) +O" (u)? (98) 
"TN δ΄υ» E" ViVi H Ve Va | 
? O” (uy) +O" (ua) OO" (uy) + ©" (u) 
and therefore by the meanings (85) of 5’w,, 8^u,, ... 
Ug SU, — Uy δι» = Uy 8'U, — Uy 8'Ug = ασε. (99) 


D” (uy) +D” (u2) 
an expression which might also have been deduced more immediately from (94). Hence, by 
the meanings (86) of δ΄υι, 9'v,, 


WQ0v,— w,0vy Ua’ (αι, Uy) — UD (αι, 9) δαι 


Uy dU E Uy Òg F D” (w) +0" (ua) o^ (u4) t0" (4ρ) 


t, D^" (dg, αι) — UD” (as, Ua) s 


τ 1 100 
D” (uy) FO” (uj d 
In general the equation (77) may be put under the form 
Sty, = ~~ (δειδ'οι 4:8u,9'o, 4... --Bu 9v) Ἐς 520, (101) 
i i 
δ’ referring only to the variations of a, ας, ..., ἄς; so that, since 
0 — 44 Ò V + 415803 +... - w;O'v;, (102) 
we have 
δὲν — 7 ('u, o, l'uso. e uu 'o 820), (103) ` 
i 
in which we may, by (102), introduce or suppress any set of terms in 8’u,, 9'u;, ..., 9'w;, which 
are proportional to Uy, tg, ..., Wj. 
In the particular case ? = 2, we have therefore by (98) 
1 δυϊ1δ'υῦ 
= AE babi Mion Ma. LLAN 1 pag, 104 
927 — a d (uj) +O (us) U (ο 
in which 
8'v, — 0v, — Φ’' (αι, uy) 9a, — Oh’ (dq, Uy) Hd (105) 
δ΄υ, = δυο hr q^ " (αι , Ug) 804 -- p’ (a , Ug) δά»; 
also 
Uy 9v, + Us 9 0, = 0. (106) 


If we do not choose to suppose 5%v, — 0, then instead of (104) we have the more symmetrical 
relation 
9'v1 + δ΄υ3 
Φ (uy) + D” (uj) 
Comparing these ic last equations (106), (107), of which the former may be thus written 
0 =u, 0v, + 450v, — Φ' (αι) 9a, — Φ’ (αι) δα», (108) 


0 =, 82v, + 8*0, + ~ 8/2, (107) 


with the two following: 
0 —8V (v, , Va, αι, a5) =P" (v,) 8v, + Y" (vq) 8v, + Y" (αι) 8a, +P" (ας) δα», (109) 


HMPII | 44 
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and 
0 — 531’ =P" (v) 82v, + V" (vq) 8?v, + V" (v,) 6v? + 2'Y^' (v , Va) 9v, δύ» + Y" (va) 8v3 


+ 2°" (v , αι) 0v, 8a, + ZV’ (v, , αν) 9v, δα» + 2'Y^' (v, αι) 8v,8a, + ZL’ (Vg, ἄν) 90590 


+F” (a,)823 + 2^ (a, , a) 8a, δα, + Y" (αν) δαξ, (110) 
we find that 
να) Νω. Ya) Va) 
Wii ΟΝ Φα)” 4a) * (111) 


δ΄υἵ + δ΄υ3 
D” (u1) +®” (ua) 
x {Uy 8v, + 59v, —' (αι) δαι-- Φ΄ (αι) δαν), (112) 
à having the same meaning as in (111), and V,, V,, A,, A, being multipliers to be determined 
by the condition that this last equation shall hold good independently of the variations 8v, , δύ», 
δα,, δα,, ÒV, δυο. Taking therefore the four partial differential coefficients of the equation 
(112) with respect to 3v, , δύ», δαι, δά», we find 
oy A8'v, 
àv, O"(u,) - " (uy) 


+ u (V; 8v, + V,8v, + A δαι +A, da) 
2 8 A8'v, 
8v, O” (1) --Φ” (u) 


oy À wr , at , , 9 , 
if Pi -o (u,) +0" (ug) 0 , (a4, 11) ὃ v, T 0 (αι, Ug) ὃ 0) --ὃ μα (αι) (Vy 8v, +...) 


35656 Ce eee ) Veg οι ον jA (114) 


+A, {u,8v,+...}, (115) 
oy A 


Sa, O" (u, )+" (ug 


+0" (2, (ας, Uy) 80, +O’ (a, Uy) δ 0.) — δ' P LC d unu ) 


Ar rcm Y^ X10] 


We could thus express the partial differential coefficients of the first and second orders of ¥ by 
means of those of Φ, the expressions of these differential coefficients of V^ involving also the 
5 arbitrary multipliers A, V,, V,, Αι, Áa, which cannot be determined without assuming some 
new condition, such as that contained in the form (61). But without making such assumption 
we can transform the two equations of the form (30) and (31), namely, 


=Y ο, ο. (αι) Uy +F” (a5) Ue, (117) 


ο + Wy) oP +A" p ο 


d ή.’ fay ôS at a δϑ 
Lu (οι; a) tus Y" (ον; αὐ) tus E (ον αὐ ρει EV" (ον; αν) rts 


T VY" (αι) u$ +P" (αι, ao) Uy Ug + FP" (a5) u$, (118) 
so as to eliminate the differential coefficients of and introduce those of ® in their stead. 
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For it is evident that the equation (117) may be formed from the equation 
sv =0 j (119) 


by merely changing δυι, 5v,, δαι, δά» to δα, d μι, Uy respectively, and that the equation 


(118) may be formed from 


82y'— 0 (120) 
by making the changes just mentioned and changing also 5*v,, òw, to 2 Ε HC us since then, 
by (111), we have 

SF = À (u, 8v, + Ug Va — D (αι) da, —D’ (αν) da}, (121) 
the equation (117) gives independently of A 
0-42, id + ug P. — 4 D’ (αι) — w4' (αν), (122) 


that is, on account of the homogeneous form of δ», 
S, — ὁ (u, 9' (αι) + UD" (αρ), (123) 
a result agreeing with (48); and, in like manner, (118) gives, by (112), 


EG wer ΝΕ, Δ'υ3 + A'o? δά, .. 88 
o-2 (uen 2 δι, 1 - 49 πο σης 15a, * jo + Ay + Ayn) 
8S, 


2 $u, 
xn gaa W- uD (a), (124) 


in which the part involving the arbitrary multiplier vanishes by (122), and in which 


η 8S, IL t1 , 58 MK a? 
Δον αι” (αι, Uy) — w^ (a5, 11), say τ la ο (αι, Ug) — Uz” (az, Ug). (135) 


The expression (123) gives 


25. 1e (m) +P D (αι, αἱ) + 10^ (as, 14), 


3 30 (a5) + 4U,’ (a, , Ua) + 3u4 ^" (a5, Ug). 


(126) 


Therefore , 
A'v, = α {Φ' (αι) — w, ^" (αι, Uy) — w^" (ας, d (127) 
A'v, — 1 {Φ’ (ας) — UD’ (αι, Uy) — Ua ^' (ας, υρ)), 
in which, by (80), 
Φ΄ (ay) =U D (αι, Uy) --u4^' (αι, Uy), Φ' (a) - u,b^' (Ag, Uy) +U’ (ay, Ug); (128) 
therefore 
A'v, = ju, {0 (αι, Ug)—D">’ (ag, αι), A'v,— — pu, {O> (αι, Uy) — ^' (az, u,)}; (129) 
so that, on account of the homogeneous form and dimension (= 3) of S,, the equation (124) gives 


2 2 
a á ποτ OR (^ (αι, αν) — 9^ (a, , Uy)}? 
+4 {u2®” (αι) + Ua Dh’ (αι, dg) + u$" (a,)), | (130) 
44-2 


δι-- 
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because in (124) we are to make 
A'D = u$ 6" (αι) + 2u, us 6^" (a, αὐ) + UZ Φ” (αν). (131) 


u3 +u? 
Q^ (uy) 4- D" (uo) 


which are more simple but less symmetric, except indeed the form — 


We may substitute, if we choose, for the factor any one of the other forms (95) 


A" 


5; — which might 
Q^ (uy, Ug) 5 


be substituted with advantage. 


We have then, to the accuracy of the 3rd order inclusive, for the case i = 2, this expression 
for the principal function S: 


| 


(2,77 4+, La= 033-3) ; 
s-| αν) ® (21, a, do, , day) =D (a1, a, Uy, Uy) + $ {UD (αι) + w5' (αρ)} 
A 247 04, L2= 
+ $ (o1 D” (αι) + 2u,u, ^" (αι, αν) + u$" (αι) 


1 us + uz nad ES o NA 2 
-a 67 (u,) +O" u) (Q^ (o Ma) -0 (as, αι)”, 


(132) 


; : wt +u? Wu 
in which — 13... 12 ., 
D” (Uz) +O" (ua) D’ (αι, us) 
[Examples.] 
2 
[7.] For example, if* Φί(αι, αρ, σαι, de= A +f (#1) d£, (133) 
2 
2 
then Φί(αι, dg, Uy, Ug) = 2 +f (a) Ue (134) 
2 


and consequently ^ '(a,)—u,f'(a,), 9'(a,)— 0, 
D” (a) =u f" (a1), 0^'(a,, a) — 0, "(a,) —0, 
Φ”' (αι, u,)—f'(a,), D> (ag, wu) -0, (135) 
Φ’ (αι) -- : Q" (u {ΝΡ 
à Y reg Up 2 s βρη ui 2 
therefore the general approximate expression (132), for the case i = 2, gives here 
s (2, 043-14, Mam dx? K )da: | 
e ——— + z 
J (25 — 04, T=) 26, : r 
u? , " , 
Ζω, + us f (a4) + 3u, us f’ (αι) - $us f" (αι) - zru (f (a,)}?. (186) 


In this example the general differential equations (7) become 


de a dx? 
acr (Οι) de, alate} =0; (137) 
equations which are obviously compatible with each other, and which concur in giving 
dx? 
da 2 x) - E - a), (138) 


* [This is the dynamical problem of the linear motion of a particle of unit mass whose coordinate is z, at 
time z,, the force potential being — f (2,).] 
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b, denoting, as in page 333, the initial value of jos , Which is here an. E hence if we suppose 


rt » 0, we shall have 
2 
dz, 
T Vf (αἱ) — 2f (αι) + bi by uh 
and 
oe 2f (αι) - —F (αι) + 101. T MP (140) 
a — V2f(v,) — 2f (αι) + "e 
rigorously. Change here αι to αι +u and we get approximately 
F (ay) =f (αι αι) =f (αι) + Uf (αι) + 3a f" (αι) (141) 


and therefore 


, " -ᾱ 
(8/3) ο ο ο ο 


—b11— 51? (u, f' (αι) + dug f" (αι) + 803 9u3(f' (αι), (142) 
therefore, by (139), 


κ 24 (4) ΜΚΟ ος 
= by uy — b {dud f (m) + ib f" (aD) +I (a), (149) 
b mi πα Κο ΙΟ ης (144) 


hence as a fret approximation 


by, wt a, (145) 
as a second approximation 
| ο κα (146) 
and as a third approximation 
2 3 
ὃ, --ᾱᾱ-- ος ο ο. 
- puf’ (ay) — 3, us f" (αι); (147) 
also à 
2f (αι + Uy) — f (αι) + 303 = 353 +f (ay) + 2u, f" (αι) + v1 f" (αι), (148) 
therefore 


2/ (a, + uy) —F (ay) + 393 - y, μγ΄) {2-1_fla)} 


γα) [απ C 
dire (a) 2 (FE ο. 


ο οσο 


(Se) 


(αι 


a ee +B η a 1) 
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hence 
2f (ay + αι) -- (αι) + 303 -( F) , (tS 
S= -j aC Mt ACC Ra Αν η + wtf (αι) 8 
ο V2f (x) — 2f (a,) +6? B b, 2b, bi ) 2 
3 f^ (αι) f'())* _ f(a)f" (αι) | 3 (αι) (F (αὐ)γῚ 4. 
"hos a ος ποσο ελον 


in which, by (147), 


Pata hata f' (a) Ef" (a), (151) 
TOD yy =f (ay) {1-32 S a- ο) (00) 
-ufa [Ls f) EY 0) a (P (152) 
ος 345 a), (153) 
-fa) iy αι = πιω — (a). (154) 
πμ σα Fa Pa a | 


= utu, f" (αι) — fue [5 (f (a3)? + 2f (a) f" (a) + užu? (αι) {4 (αι); (155) 
therefore, adding these last five expressions, 
S= i + us f (αι) 


= moe 


f (a) f (αι) 


γα) + f (a;)f' (a) -5 7217 f (a) — 


LES Pat s (αι) f" (a) +2 mr iah Mii EN 231 f(a) {/ (αι 


Nin 


& 75 f^ (ay) ES Ca) f" (2) TES (9 GE Sa) (a? 


Uy 


“i? f^ (a) + Atay (a) - 53" (a,)}2, (156) 


"$a: -- uif (αι) + 


as in (136). 

This has been a complicated process: its most essential part, after the deduction of the 
rigorous intermediate integral equation (138), has been the approximate elimination of b, 
between the two rigorous expressions 


Vl 2 i: RE TEE. κά, 
“=| o ΦΥ 2f (a, 4: ,) — ία) Ane 
and 
X. - 301 + 2f (αι 4-4) —f (a) du, (150) 


o Vb? + 2f (a, 4- u,) — 2f (αι) 
giving the approximate result (136) through the medium of the approximate expression (147), 
deduced from (143). 
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In the present example we have, by (133), 


δάδ dz, δές. 1 ἀαιὴ» > 
y= 8dz, T dz, ; γρ, σας) +f (x); (157) 
so that the general equation (14), 0=¥ (y, , ..., Yis Tı .... ;), may here be put under the form 
0=}yi +y -f (21), (158) 
and the general partial differential equation (16), which may always be thus written 
8S òS 
0-- ¥ (5 s.i g—, 044-04, ..., 0 κα). 159 
Su,’ Su; 0, T Uy 1 ( ) 
becomes in the present example 
58 88 
ος 5 Σ(δα) - nnm) (160) 


and gives 


ENTRE E (161) 


If we take the upper sign, the complete and general integral of this partial differential equation 
(161) is given by the following equations: 

UW 161 du, 

: V 2f (a, + Uy) — 2b,du, + bau; + ϕ (ba) Ug — o Vaf (a, Γι) 3b, $'(b,, (162) 
$ (b>) being an arbitrary function of b, and $'(b,) being its derived function, but b, being 
treated as constant in effecting the two definite integrations; and in the present question this 
. arbitrary function ¢(b,) and therefore also ¢’ (b,) must be supposed to be identically equal to 
zero, because S vanishes with w, and u, independently of the auxiliary quantity b,, which may 


easily be shown to be equal to Lad and to be constant in the progression of νη 1. S; we may then 


DUM 
rigorously determine the form of the principal function S by eliminating b, between the two 
equations 
ποστ = |" aa du, (163) 
o V/2f (a, +u) — 2b, 2f (αι +u) — 2b, 


which may easily be seen to coincide with the equations (143) and (150). 


(Jan. 2374, 1836.) 
As another example,* let 
® (2,, ὧν, ἆαι, da) =o (1 3e gd, (164) 


h and g being any νο constants and e being the napierian base. Then 


O (αν, αι, tn, αν) =e (hE guy), (165) 
2 


9 
$'(a,)-2h0, ΟΦ’ (αν Ξ0, OD’ (u,)=2h om Φ’ (ἀρ) =e?" (9-423); (166) 


* [Problem of the fall of a heavy body in a medium resisting as the square of the velocity.] 
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©" (a,)= 4h, Φ''(αι,αῤ-0, O" (a) =0, 
D(a, 14) = ANE, (a, ΣΕ ο 


f 167 
D (a, =0,{ (7) 
2h 2hu, 
o^ = — eha, Q^ j ο the ο. erha, o^ 2% ; 
Mue (11,05) 7 773 Us 
utu E A 
so e -Ma, 168 
Φα) +O" (^ O n, 2h o" 
and the general approximate expression (132) becomes 
2,77 lrt Uy, 2477 Ag+ 2 
ge [Pn (r Ti+ gdn) 
* y=, 2377 (13 2 
2 
= (1+ hu, + ιβ) εἶναι (1 Sou) - (out - hu Jap het, (169) 
2 
In this example the general differential equations (7) become 
dx? dx dx? 
3λαι | h —3 zd. - νο 
ε (r Tat 9a) d.e d O=d. er (0 haa): (170) 
and both agree in giving 
2 
"T. BPE abr (171) 


dax, dx, 
as the ordinary differential equation of the second order between x, and z,. The second equation 
(170) gives, as an intermediate integral, 


εἶναι (- να) - b, — const., (172) 
. "yet ; δά δ 
b, denoting as usual the initial value of Φ’ (dx,) or of δά», ; therefore 
dr, _ οσο πρ h 
ἃς” + g b.e: (173) 
and hence, taking the upper sign, 
d 
ας κο 174 
” 0 Vg —b,e-?^( αι) Md 
Also id 
dS 
—— == gu, 1] = — 
L^ (^23) 2ge?a — by, (175) 
therefore 
w, — g2h(aykuj) 
ο E αμκω. (176) 


ο Vg — bpe- matun)’ 
that is, by the expression for Ug, 
2h (a, γε) 
m ΝΞ (177) 
Vg —b,e-2h(a,+m) 
The equations (174), (177) are rigorous and the approximate elimination of b, between them 
ought to conduct to the expression (169). 
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To effect this approximate elimination, we shall first develope the reciprocal of the radical. 


We have 
g — bye hat) = g — beha g-hu, — g — b, e~a (1 — Zhu, + 2h?u2), (178) 
therefore 


{g TT b, ε-Ἡλίαγγαῤγ-ὲ = eha {φοϑίναι ΣΣ b, T 2b, hu, a 2b, TR 


= cha (ge&ha, — b, y-3 | 14 E 
ΜΝ... ΒΝ 

ge^ —b, ^ (ge&—b,) 
-— (g — 5; e-2ħa j- — uen bah (gen — b,) 3 


+ ureh b, h? (ge%% + 15,) (ge —b,)75: (179) 


a-r) 


no et 


therefore 
D ab i pees (me) Ut ὅλαι b, (gehts m E 
"a7 Vg b e a he b, gern — b, he? b, (ge + $b2) ger — b, , (180) 
hence, as a first approximation, 
g—b,e?^"4 αι 
f, h ET GaN 
and so (cf. (172)) 
2 
b= (0-23) ena, ; (182) 
Ug 
and since in this approximation 
( d J-5 (183) 
ge^u—b,] w’ 
we have as a second approximation 
h 0, Lui huyus 
v. d rra a: Dh, (184) 
that is, i 
je Ta i Lalai -gu 
(5 n 1+hu, 
or 
οἱ uz gua ue 
bee ο | Lay -23 = (g-a) (1+). (185) 
Consequently, as a third approximation, 
Uy ho, gua—huj ου].  ! Lus. Aut 
u,N g — be ὅλα, a = 1+ gu, tama Rg ue MD m (guz — hu) (3gu$ — hu?) 
gus — hui | hu, gu 
ο GEL XM 4 (186) 
uàg —b,e-?^a hu? — gu? 3 3 
αλ q p Hd 05 ορ πω (ord — ay 
1 
+ Sui (συᾷ-- hui) (3gu$—hu$), (187) 
b.e MY Ru + Mild + Bh (gud — hu) — (agus — hud) = 1 + hu, + d 
maa ας i+ Gh (gui — hui) — z (gud — hu) — 1+ a, + gh wi ighui, (188) 
HMPII 45 
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2 
and b, = eras (o-r) {1 + ο αμ (189) 


Again, we have by what precedes 


h h i h i 
J | Pe A σα ρα 


utbs e-9^a (g + 35, e73ha1) (3 ua) : (190) 


also 
2ge3 — b, e-*h = 2g — b, e-?^ha + 4ghu, + Agh?u$; (191) 


therefore, by (177) and (180), j 
h 
Se-?ha = u, (2g — bpem) + (29hu3 + $gh*u3) (as E c 


h 8 
— gni, ( | , (192) 


g —5,e-9^a 
in which 
i u$ (hue tidal " 
ug (2g — ὂρε-ϑλαι) = gu, ΓΕΑ (= — gus | (hu, πολ ιά — ghu), (193) 
hu? (1+ Zhu) ou, Ms oll" u (14 di T (194) 
2ghuy a") A g—bse ὅλαι" 1% om ae)? 
and ὶ 
h 


Therefore, adding the three last expressions, we find 
hui 7 δια i 
Sues us (eus (1 Ἔνια) +75, + sgh uus — gag hui, (196) 
2 
agreeing with (169). ; 


It would however have been simpler, in this example, to have put the differential equation 
of the second order (171) under the form: 


a = 9 — hatt, (197) 
and then to have deduced from it by differentiation 
a = — Dhara", = — hæt (g— Pee), (198) 
and therefore : 
ai =9—ha,?, (199) 
ai = — 2ha; (g — ha;?), (200) 


αι, αι, X] being differential coefficients of x, considered as a function of x,, and αι, αι, αἵ being 
their values when x,=4a,, z, —a,. For thus we should obtain, by Taylor's theorem, 


Uy = Ay Ug + Faz ust EAI τῇ, (201) 
that is, 
Uy = Ay Uy + $u$ (g — hay?) (1 -- ἅλαι ua), (202) 
which gives as a first approximation 
aen d 
σι-- us (203) 
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as a second approximation 


,. αν. οί LU. 
y= (g-a); (204) 
therefore 
2 
g—ha?= (9-122) (1+hu,), (205) 
2 
and 
(1+hu,) (1 — ὅλα! uo) = 1+ 3Àu,. (206) 
As a third approximation 
P bt M -λ. 1+4h 207 
Lg ox g ui (1 -- fhu). (207) 
Also 
p zm] “ea (hæt? +g) dus, (208) 
0 
in which 
21 704 - 011, 4- 321 u3 (209) 
and 
eh, = 1 + Zhu, + 2h*u$ = 1 + 2ha1w, + (25204? + hat) u$; (210) 
therefore 


e (1215 +9) = (hay? +g) {1 + 2hay ue + (252a? + Ίνα) 18) + 2ha, αι {uy + 2hay uz} + 
+h(ay?+ayaq)ugz, (211) 
and 
h 
Sea = (hait +g) fus hau +5 (hajt cat) uf} + hata (ud ο αἱ a) 
= (hay? +g) ug + 2ghay us + 3$ (g + hay’)? + g* — hay! 
= (hay? +g) Us (1+ 8gu3) + 2gha,u$, - (212) 
in which, by (207), 
2 2 3 2 
(hag) tg regu, - ο t (g-i), 
Ug us 4 2 
ghu} (hai? +g) = $ghus (hui + gua), τ. (213) 
2 
2ghay u$ = 2ghu,u, — ghus (0 -h zl ; 
2 
therefore, adding these three last expressions, we find for the principal function S this expres- 
sion, agreeing with (196) and with (169): 
2 4 
S= | (5 +gu) (14- hu4) 1- i ON ο — rgt) ene, (214) 
2 2 
It is worth observing that the differential equation of the second order (197) is that of the 
fall of a heavy body in a medium which resists as the square of the velocity; so that the integral 
of this equation can be rigorously expressed by the method of the principal function. 
As a third example* put 
\ a2 
dS =O (αι, αρ, day, duy) = ZÀ + gu dus, (215) 
g being any arbitrary constant. Then t 
2 
Q (αι, ας, Uy, Ug) = +ga ug; (216) 
Ug 


* [Particular case of example on page 348.] 
45-2 
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therefore 


2 
©’ (a)=gug, 4'(a)—0, D (n) =, D (ay) =9a,- ον) 
Us 210 
and 
D” (a,)=0, ’(a,,a,)=0, Φ” (a.)=0, 
O’ (a, ,u,)=0, D’ (αι, Us) =9, Q^ (a5, u,) = 0, Q^ (αι, Ug) — 0, 
" 1 a7 U " uz 
Φ wd s Φ’ (ων Ma) = 7,3: Φ (πρ 
hence 


2, 42 
Wi Ug 141119 


so that the general approximate expression (132) becomes in this example 


T= At Uy, ἂν At Uy dad 


μὲ 
ge σάφ, P073, Tatt 3gu,u, — z9 Uz. 


2,77 04, 2$3— Ag 


In this particular example, 
-δ48 _ da, 
= Sdr, de, 
8dS dat 
Va Sda, 7 9da' 
also 
8dS 
δε 7 da, 
and 
òd S 
dei ^0 


thus the differential equations (7) become here 


de, aa) 
αρ ου d (m-i =0, 


and they concur in giving as the complete integral with two arbitrary constants: 


$4 = A, + αἱ (14 — αν) + $9 (La — ἄν)”, 
that is, 


Uy = αι Us + 1gui . 
Hence, rigorously, 


Also 


and 


1 d. E , , 
Mrs + $y 7 ga, + fay" + 2ga; Ug + gus; 
2 Az, 
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(217) 


(218) 


(219) 


(220) 


(221) 


(222) 


(223) 


(224) 


(225) 


(226) 


(227) 


(228) 


(229) 


(230) 


[7 
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therefore 
Ug 2 
s=f' ls (5) +g} du, = (ga, + 2αι") Ug +ga u + 39g?u3 (231) 


rigorously, or 
S = Gay Ug + Yu; (αι + gua)” — $g*u3 


2 
= JA, Ug + Fa (= T es.) — ig^uà 


2 
= ga, Ua 5+ + Mu us — gil (232) 
2 


rigorously, as deduced in (220) from the generally approximate expression (132), which in this 
example is more than approximate. 
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